Relativistic formulation of quantum state diffusion? 
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Abstract 



The recently reported relativistic formulation of the well-known 
non-relativistic quantum state diffusion is seriously mistaken. It pre- 
dicts, for instance, inconsistent measurement outcomes for the same 
system when seen by two different inertial observers. 
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Introduction. Breuer and Petruccione (BP) JjJ] have quite recently re- 
ported the construction of a relativistic generalization of the stochastic Ito- 
Schrodinger-equations now widely used for open quantum systems. I have 
found that the model is completely mistaken. It can not reproduce even 
the ordinary quantum state diffusion theory as its non-relativistic limit. Its 
non-relativistic limit predicts, for instance, inconsistent experimental results 
for slowly moving observers. The reader might ignore my own interpretation 
of BP's Concept and might read directly the Counter-example. 

The Concept. In Dirac's electron theory, to each space-like hyper-plane 
a of the Minkowski-space a quantum state ip is attributed. Such tp is inter- 
preted as the quantum state which is seen by the inertial observer residing 
on the hyper-plane a. Let, for concreteness, the hyper-planes be parameter- 
ized by their unit normal vectors n and by their distance a from the origin. 
If we vary the hyper-surface, the state vector ip(cr) = ip(n,a) transforms 
unitarily: 

dtp = -iaHip - idn^K^i/j , (1) 

where the Hamiltonian H and the boost operator depend also on the 
hyper-plane a. The Eq.(l) can be split into two unitary equations: 

% - "»"") |£ = -«W • ( 3 ) 

This is standard Dirac theory so far Q. BP will retain the second unitary 
equation (3) while replace the first equation (2) by the non-unitary Ito- 
Schrodinger equation of standard quantum state diffusion [^]: 

dip 

— — = —iHtb + nonlinear, stochastic terms. (4) 
da 

BP also present equations for the average state p, derived from Eqs.(3,4): 
(5^-n^n v )^£- = -i[K^ P ] , (5) 

^ = -i[H,p]+Lptf -±L*Lp-±ptfL . (6) 

The first equation is unitary, the second is not. BP claim to prove that their 
equations (3,4) as well as (5,6) are compatible, preserve Lorentz-invariance, 
and their translation invariance can also be pointed out in a restricted sense 
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P]. Unfortunately, BP are unaware of further basic features of Dirac's the- 
ory. In particular, Dirac theory assures that various inertial observers have 
consistent experimental results. The BP equations fail to do so! 

Assume, for instance, that two space-like hyper-planes o~\ and 02 inter- 
sect at space time point x. Let A be a local scalar observable at x. Then 
in Dirac's theory the observable A transforms between o~\ and 02 in such a 
way that its expectation value will not change: 

(A) ai = (AU , (7) 

where stands for expectation values in quantum states ip (or p, in gen- 
eral) taken on the hyper-plane a. The claimed compatibility and relativistic 
invariance of the BP equations (3,4) and (5,6) are, in themselves, irrelevant 
since the physical consistency (7) of Dirac's theory is lost. How fatally it is 
lost the reader shall understand on a non-relativistic application. 

The Counter-example. We do not even need BP's stochastic equations 
but the ensemble averaged ones (64,65) [cf. my Eqs.(5,6)], together with 
Eq.(63) which relates measured expectation values to the density operator 
(in the standard way, this time). Let us apply these equations to a typical 
non-relativistic situation. Consider a free non-relativistic electron in the 
authors' reference system uq = (1, 0, 0, 0). We call the observer who rests in 
this reference system R-observer. Soon we need a moving M-observer, too, 
who rests in the reference system n v = (l,v/c, 0, 0) moving with a small 
non-relativistic velocity v with respect to the R-observer. The electron is 
non-relativistic for both observers. Assume it remains localized along the 
right x-axis at x ~ I. Both observers will measure the same spin-observable: 

A = \]){i\ + H.C. . (8) 

They will measure in coincidence! For instance, the M-observer switches on 
his apparatus at time a = 0, in coincidence with the R-observer's apparatus 
at (his/her) time ao = £v/c 2 . We expect that the two measurements lead to 
the same result in the non-relativistic limit v/c — > 0: 

tr{Ap(n v ,0)} =tr{Ap(n ,a )} + O(v/c) . (9) 

Note that we can choose an arbitrary large distance £ so that ao = £v/c 2 
remains relevant (e.g. constant) even for v/c —* 0. 

For the electron's initial state in the frame of the R-observer we choose 
a superposition of the spin-up spin-down states: 

p(n ,o) = \{\ TXT I + 1 1)U I + 1 T>U I + 1 DU l) • (10) 
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(Observe that, initially, the rest observer would measure 1 for the expecta- 
tion value of A.) We define the following Lindblad generator: 

L(no,o) = i|T)(T| • (11) 
r 

Let the reduction time r, controlling the strength of the quantum state 
diffusion, satisfy the condition r « cio- Then the Eq.(64) turns the initial 
pure state (10) into the mixed one: 

p(no,ao)«^(|T)<T| + U)ai)- (12) 

For time ao = £v/c 2 , the quantum state has become reduced to the mixture 
of | |) and | I). The expectation value of the Hermitian observable A 
becomes zero for the the R-observer's measurement. 

Let's turn to the M-observer. According to the Eq.(65), he/she initially 
sees the state 

p{n v ,0) = p(n ,0) + O(v/c) , (13) 

which is identical to the rest observer's initial state up to terms of the order 
of v/c. So, the M-observer measures 1 up to terms O(v/o). 
In summary, we can write: 

(A) invfi) -(A) {n0)ao) = l + 0(v/c) (14) 

which, indeed, contradicts || to the invariance condition (7) of the Dirac 
theory. 

Conclusion. Abandoning the standard Dirac wave functions has not 
been the main reason for BP's failure. The fatal reason is that relativistic 
Wiener-processes do not exist but trivial ones, as is particularly shown in 
the context of continuous wave function reduction theories by, e.g., Pearle || 
and myself @. Relativistic models of continuous reduction theories should 
first relax the Markovian approximation, cf. || . 
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